We investigate the effects of nanosized contact spots on the thermal contact resistance ͑TCR͒ in multiscale contacts. As the contact size decreases below the phonon mean free path, the thermal conductivity varies with the size of the contact and is not the same as its bulk counterpart. We take this into account in our model and we calculate the TCR of silicon contacted with other silicon. The TCR increases as the number of nanosized contact spots increases. However, if we do not consider the thermal conductivity reduction as the contact size decreases below the size of the phonon mean free path, there is a finite limit of the TCR. A parametric study on the effects of distance and size of the contact spots is also presented.
I. INTRODUCTION
The thermal contact resistance ͑TCR͒ of rough surfaces is significant in many applied science and engineering fields such as the operation of microelectronics chip cooling, spacecraft structures, and nuclear fuel-temperature prediction. 1 The contact profile on rough surfaces is dependent on the intrinsic nature of the rough surface. Recently, it has been revealed that there exists a hierarchy of scales up to the limits of experimental discrimination. To identify the elastic contact distribution, a series of researches [2] [3] [4] [5] has been conducted. It has been found that with a coarse discretization, a few large actual contact areas are obtained, but as the grid is refined, these progressively break up into clusters of smaller and smaller areas and the total area of actual contact decreases, following a characteristic power law behavior. Historically, Archard 6 first proposed a fractal contact model with the first few scales of a surface constructed from spherical asperities superposed on a spherical body. He showed that the relation between the total contact area and the total load asymptotically approaches linearity as more scales are added, even though the fundamental contact problem at an individual actual contact is nonlinear.
The appearance of smaller sized contact areas in multiscale processes leads to scrutinizing energy transport at the micro/nanoscale. In solids, thermal energy can be transported in two ways. One way is through electrons and the other way is through phonons. In good electrical conductors such as metals, electrons are the dominant heat carriers, whereas phonons are responsible for the transport of energy in many nonmetals such as semiconductors and dielectric solids, among others. In this paper, thermal transport by phonons in a semiconductor is the main focus.
There are two fundamental length scales with thermal transport in solids: the mean free path and the wavelength of a phonon. 7 When the size of the solid is comparable with either the mean free path and/or the wavelength, the material has low dimensionality. 8, 9 Thermal transport in low dimensional materials is different from that in bulk materials. For example, when the diameter of a nanowire is small compared to the mean free path of phonons, an increase in boundary scattering is expected. Also, changes in phonon dispersion and/or the quantum confinement effect are expected when the diameter of a nanowire is comparable to or less than the wavelength of a phonon.
An experimental observation of low dimensionality has been performed by Li et al. 10 on the thermal conductivity of Si nanowires. The thermal conductivities of individual single crystalline Si nanowires with diameters of 22, 37, 56, and 115 nm were measured using a microfabricated suspended device over a temperature range of 20-320 K. The fact that thermal conductivity has a strong dependency on the diameter of the nanowire can be explained by realizing that phonon boundary scattering increases as the diameter decreases. Later, Mingo et al. 11 theoretically confirmed the significance of phonon boundary scattering in Si nanowires.
Therefore, when the contact size is smaller than the phonon mean free path, the thermal conductivity is not the same as its bulk counterpart, and this effect must be considered when estimating the TCR.
In this study, we investigate the effects of multiscale contact distribution on the TCR by considering the size of contact spots separated by the phonon mean free path. With the aid of the Archard contact distribution and the contact of random fractal surfaces, the multiscale contact distribution was obtained at various scales. We also analyzed the effects of two variables that determine the nanosized contact distribution: the size of contacts and the distance between them.
II. THERMAL CONTACT RESISTANCE IN RANDOMLY DISTRIBUTED CONTACT SPOTS
When two large conductors are in contact throughout an apparent contact area, there will be a number of microscopic contacts distributed over this area separated by noncontacting regions because of surface roughness. In general, the contact between nominally flat surfaces is known to occur as a number of clusters of microcontacts. The positions of the clusters are determined by the large scale waviness of the surface and the microcontacts are determined by the small scale surface roughness. Hence, the resistance to thermal flow through such a group of actual contacts can be determined by the numbers and sizes of the microcontacts and clusters of microcontacts.
Recently, Laraqi and Bairi 12 obtained TCR results based on the approximation of the temperature field due to heat flux through a microscopic contact spot considering a point heat source at all locations rather than the immediate vicinity of the contact spot. We briefly summarize the outcome of their analysis to identify the TCR in randomly distributed contact spots. The average temperature T j a at the jth contact spot in a set of N randomly disposed contact spots, as shown in Fig. 1 , is
where
͑3͒
q j is the heat flux through the jth contact spot, a j is its radius, K is the thermal conductivity, which varies with the size of the contact spots, and b ij is the distance between the centers of the ith and jth contact spots. Here, the summation is performed over all the N contact spots except for i = j. The temperature at the center of the contact ͑j͒ due to a macroconstriction, which occurs around the apparent contact area A, is written as
where H j is obtained from the circular contact area of radius b as
where e j is the polar position of the center of the jth contact spot. The individual TCR is defined as
where ⌬T j a = T j a − T j c . To find the individual TCR by using Eqs. ͑1͒ and ͑4͒, the unknowns q j / ⌬T a are obtained from a set of equations as
Thus, Eqs. ͑6͒ and ͑7͒ permit us to determine the total TCR due to all contacts as
͑8͒

III. THERMAL CONDUCTIVITY REDUCTION IN SCALE VARIATION
The thermal conductivity of a low dimensional material is not the same as that of a bulk material. When the size of a contact spot is reduced below the phonon mean free path, the thermal conductivity of the contact spot decreases. We considered this thermal conductivity reduction in our model. A brief explanation for estimating the phonon mean free path follows. Ju and Goodson 13 experimentally determined the phonon mean free path of Si at room temperature to be around 300 nm. In our analysis, when the diameter of the contact area is larger than 300 nm, we used the thermal conductivity of bulk Si ͑149 W / m K͒ for the contact. When the diameter of the contact is less than 300 nm, we interpolated the experimental data of the thermal conductivity of Si nanowires. 10 In Ref. 10 , the thermal conductivity of Si nanowires with diameters of 22, 37, 56, and 113 nm was measured. We used a third order polynomial with the following expression: where the dimensions of K and a are W/m K and m, respectively. We consider only incoherent phonon transport. Therefore, we set the mean distance between the contacts to be larger than the wavelength of dominantly heat carrying phonons at room temperature, which is estimated to be around 2 -4 nm.
FIG. 1. Configuration of contact.
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IV. ARCHARD'S CONTACT MODEL
The effect of thermal conductivity in multiscale processes on the TCR depends on the proper distribution of contact spots. We adopted the Archard contact model, permiting us to investigate the multiscale contact spot distribution.
Archard 6 considered a three-dimensional self-similar surface consisting of a single spherical asperity, on which successive scales of smaller spherical asperities with a uniform spatial distribution are superposed. Here, we present the analysis again to determine the size and location of contact distribution in multiscale processes.
The Archard model first considers a Hertzian contact between a spherical asperity and the surface of a half-space. From Hertzian relations, the contact area is
and the corresponding pressure distribution is
It is assumed that in the area A 0 , there is a uniform distribution of asperities having a density m 1 ͑number of asperities per unit area͒. The total number of asperities on A 0 is then A 0 m 1 = N 1 . Due to symmetry, the load acting on the asperity located a distance r from the center of the contact area is
The corresponding contact area, obtained from scaling the Hertz formula ͑12͒ with the asperity, is
.
͑13͒
In the 2rdr infinitesimal ring, there are 2m 1 rdr asperities, giving a contact area of dA 1 =2m 1 a 1 rdr. Therefore, by integrating we obtain
Further, for each asperity of the first scale, there is a new set of asperities. However, we solve the problem assuming uncoupling of scales, i.e., basically redistributing the load from one scale to the following smaller one. Then, the single asperity at scale 1 now behaves like a macroscopic contact as defined above, i.e., the single sphere of radius R 0 with only one scale of asperities. Hence, for each asperity at scale 1, the contact area at the following scale can be evaluated by scaling the expression ͑15͒ and introducing the density and the radius of the asperities at the second level. The new contact area for the asperity located at the radius r is therefore
͑15͒
The area of the infinitesimal ring involved in the contact is now dA 2 =2m 1 a 2 rdr and, by integrating,
A 0 13/9 . ͑16͒
This process can continue infinitely: we first introduce a new level of asperities so that each asperity at the first level, with all subsequent levels of asperities, behaves exactly like the macroscopic geometry just one step up, and the contact area for the asperity located at the radius r is
From the analysis of Ciavarella and Demelio, 14 m k and R k follow the power law relations below
from which we obtain the densities of the asperities as follows:
Notice that the dependence on the load becomes linear, independent of the assumptions of the geometrical quantities. The typical Archard's contact spot distribution is shown in Fig. 2 . It shows the contact spot distribution with scale variation up to scale 2. After scale 2, the same trend of contact distribution is expected. In the first two scales, the diameter of the contact spot is larger than the phonon mean free path. At the third scale, there are two groups of contact spots, which are separated by the phonon mean free path. At the fourth scale, the sizes of all contact spots are below the phonon mean free path.
V. CONTACT DISTRIBUTION ON A RANDOM FRACTAL SURFACE
To apply our analysis to the contact spot distribution on a rough surface, we first generated a randomly rough surface using the random midpoint displacement algorithm, 15 which ensures that the algorithm generates a self-affine fractal surface. Figure 3 shows a typical self-affine surface with a Hurst exponent H = 0.5. By applying the finite-element method to the fractal surface, numerical simulations are performed for a rough elastic surface in contact with a perfectly rigid flat surface in order to find the contact distribution. Periodic boundary conditions are imposed at the contact surfaces to eliminate boundary effects. A typical finite-element mesh is shown in Fig. 4 . The mesh is discretized with tetrahedral elements. The mesh grid of the contact interface was established with a resolution from 1 / 2 4 to 1 / 2 8 . A strong mesh gradation in the vicinity of the contact interface and a coarse mesh on the rigid surface were obtained. We initially established a certain area of apparent contact to generate contact spots less than the phonon mean free path below the resolution of 1 / 2 6 . To determine the equilibrated contact geometry at a given load, a constant force was applied to the center of the indenter. A contact algorithm was used only to enforce the impenetrability constraint on the two surfaces. In this analysis, we used a commercial finite-element package, ABAQUS ͑from HKS͒, 16 to perform the analysis. The contact distributions at different scales are shown in Fig. 5 . In the course of the multiscale process used in this model, the number of contact spots increased and the actual contact area progressively decreased with increasing resolution of the discretization. This result was already reported by BorriBrunetto et al.
2
VI. RESULTS
We now present TCR results with a multiscale distribution of contact spots and the related results according to the different contact spot distributions. The main approach for this analysis is to use Eqs. ͑6͒-͑8͒ for the TCR in the microcontact spot distribution by Archard and the random fractal surfaces. This contact distribution is established in the process of multiscale variation. During the scale variation, some of the contact spots are reduced below the phonon mean free path. Thus, the thermal conductivity of the contact spots was changed, resulting in a variation of the thermal conductivity according to the location of the contact spots.
A. TCR from Archard's contact spot distribution
The corresponding TCR from Archard's distribution of contacts, shown in Fig. 2 , was calculated. From this contact distribution, the TCR was calculated at several scales, as shown in Fig. 6 . For the purpose of comparison, we also calculated the TCR when the thermal conductivities do not vary with the size of the contacts. At the first two scales, all of the contact spots are larger than the phonon mean free path, so that the thermal conductivity of the contact spots is the same as its bulk counterpart. At the third scale, spots smaller than the phonon mean free path exist, so that the thermal conductivity of the spots decreases. This leads to an increase in the TCR. At the fourth scale, the TCR abruptly increases by an order of magnitude in the contact domain, FIG. 3 . ͑Color online͒ Self-affine fractal surface ͑256ϫ 256͒ generated by the random midpoint displacement algorithm. 
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B. TCR from random fractal surfaces
The contact distribution according to scale variation on random fractal surfaces is shown in Fig. 5 . The corresponding TCR values with and without thermal conductivity reduction were calculated at several resolutions of the grid, as shown in Fig. 7 . At the first two resolutions of 1 / 2 4 and 1 / 2 5 , the TCR with constant thermal conductivity was the same as that of the varying thermal conductivity since all of the thermal conductivities of the contact spots are the same. However, after the resolution of 1 / 2 6 , since there is a thermal conductivity reduction as the size of the contact spot decreases below the phonon mean free path, the TCR with the thermal conductivity reduction increases continuously, while the TCR without a thermal conductivity reduction converges. The same trend occurred with the Archard contact distribution.
C. Effect of size and distance on TCR
In the clustered contact distribution, the distance and size are the key variables to determine the TCR. The effects of these two variables on the TCR can be understood if we take a simple model that has two contact spots with different sizes. At first, we varied the sizes of the two contact spots while fixing the total area and distance between the spots. The obtained TCR is shown in Fig. 8 . As shown in Fig. 8 , although the general trend is that the TCR increases as a 1 / a 2 increases, the increase of the TCR is less pronounced when a 1 / a 2 is greater than about 15. The reason for this is that when a 1 / a 2 is small, e.g., the areas of the two spots are comparable, heat can be transferred in three ways: through a 1 , through a 2 , and from a 1 to a 2 , or vice versa, depending on the temperature difference. However, for larger values of a 1 / a 2 , heat transfer from a 1 to a 2 ͑or vice versa͒ becomes negligible. This can be modeled as two thermal resistances connected in parallel as follows:
Here, R total is the total thermal resistance of R 1 and R 2 , of which the contact diameters are a 1 and a 2 , respectively. As FIG. 5 . Contact distribution at a series of scales with a sampling length of 1 / 2 ␣ using a finite-element method. The real contact area A real progressively decreases with increasing resolution of discretization. Figs. 2 and 3 . The circles and squares represent the results due to thermal conductivity variation with and without a consideration of the size of the contact, respectively.
FIG. 6. TCR R t with scale n for various distributions of contact spots as shown in
FIG. 7. TCR R t with the sampling length of 1 / 2
␣ due to a random contact distribution as shown in Fig. 6 . The circles and squares represent the results due to thermal conductivity variation with and without a consideration of the size of the contact, respectively. a 1 / a 2 increases, the thermal resistance of R 2 becomes higher than R 1 . Then, heat flux flows dominantly in R 1 . This case is effectively the same as the thermal circuit with only one thermal resistor, R 1 .
When varying the thermal conductivity of the contact spots as compared to the case without varying the thermal conductivity, R 2 increases more rapidly as a 1 / a 2 increases. Therefore, R total becomes R 1 when a 1 / a 2 reaches the range of 10-15 in the case of the varying thermal conductivity as the size of contact spots decreases. However, without varying the thermal conductivity as the size of the contact spots decreases, R total does not approach R 1 even when a 1 / a 2 reaches the range of 35-40.
Second, we varied the distance of the two spots while the ratio of the two contact spots was fixed at 2.646. The obtained TCR is obtained in Fig. 9 . Here, one spot was larger than the phonon mean free path and the other was smaller than the mean free path. When the distance between the two spots is small, there is heat transfer from a 1 to a 2 ͑or vice versa͒ in addition to heat transfer through a 1 and a 2 . However, when the distance between two spots is further apart, the heat transfer can be modeled as two resistances in parallel and the heat transfer flows dominantly through the contact spot with the larger diameter.
VII. DISCUSSION
The main objective of this paper is to investigate the TCR and its scale variation with particular consideration of the thermal conductivity reduction. The current analysis predicts that the TCR increases if the process is carried out to an increasing number of finer scales. This is because the thermal conductivity decreases as the size of the contact spots decreased below the phonon mean free path. However, if we do not consider the thermal conductivity reduction as the contact size decreases below the size of phonon mean free, there is a finite limit of the TCR if the procedure is carried out to an unlimited number of finer scales. Then, we can raise the question as to whether this finite limit exists. When we consider the thermal conduction through one contact spot, there is every reason to believe that the TCR values between nanoand microsized contact spots will be different and that the resistance of microsized contacts is lower than that of nanosized contacts. The increase of resistance is solely due to phonon transport phenomena as stated in the introduction. From this view, we have shown that the contact resistance at this nanosize range is a larger value. However, the TCR cannot reach a finite value as the scales decrease. We would expect that, even though there is a thermal conductivity reduction when the contact sizes are below the phonon mean free path, the TCR would eventually reach a finite value. However, this is not realized. Therefore, our analysis successfully shows the increase of the TCR at the range of scale near the phonon mean free path, but it cannot show the convergence of the contact resistance.
As for the convergence characteristics of the contact resistance, it is still an open question to be addressed. As the elastic contact process is extended to smaller and smaller scales, the total contact area decreases and the mean contact pressure increases. 2 We must therefore anticipate that plastic deformation or some other failure mechanism will dominate the contact process at sufficiently small scales, probably producing contact areas of finite number and size. However, for materials possessing a high yield strength, it is possible that the contact conductance will converge to its limit before the "plastic scale" is reached and, therefore, a simpler elastic prediction may be sufficiently accurate. It was recently reported in our work that the clustered contact distribution is a main contribution of this convergence phenomena. Our analysis confirms that the contact resistance without considering thermal conductivity reduction approaches a finite limit in a clustered contact distribution. However, the contact resistance with consideration of thermal conductivity reduction at the scale below the phonon mean free path does approach a finite limit even in a clustered contact distribution. Thus, it is speculated that there may exist another mechanism to predict the resistance as a finite limit.
One may argue that, for heat conduction, the gaps in the separation regions between microcontacts at the small scale FIG. 8 . TCR R t according to the ratio of two contact spot sizes with a fixed distance ͑r =600 nm͒ between the two spots. The circles and squares represent the results due to thermal conductivity variation with and without a consideration of the size of the contact, respectively.
FIG. 9. TCR R t according to the distance between two contact spots at a specific ratio of contact spots of 2.646. are also extremely small and heat transfer would surely be expected to occur across these gaps by some mechanism so that the TCR would be less than that calculated by the present procedure. It is intuitive that since thermal resistance across the contact spot increases, there should be heat transfer across the gaps. However, we can safely neglect this heat transfer considering the following detailed explanation. There are three possibilities: ͑i͒ phonon transport across the gaps ͑"phonon tunneling"͒, ͑ii͒ radiation heat transfer across the gap, and ͑iii͒ convective heat transfer across the gaps ͑air conduction may be a more appropriate term͒. Here, ͑i͒ phonon tunneling can be ruled out because the dominant wavelength of a phonon at room temperature is around a nanometer in the case of multilayer structures, where there are no gaps. If the period between the multilayer is less than a nanometer, there is a possibility of phonon tunneling. Therefore, the gap thickness should be less than a nanometer for the phonon tunneling to occur across the gaps. However, if the gap is less than a nanometer, then it may be questionable whether this is a gap or a missing atomic link. Since the gaps we refer to in this paper are, generally speaking, larger than a nanometer, we ruled out phonon tunneling. Considering ͑ii͒ radiative heat transfer across the gap, if the gap is filled with air that is not radiatively participating, surface radiation exchange will occur. Since we are interested in thermal transport near room temperature and not at high temperatures, the temperature difference between surfaces in the gap would be small and surface radiation exchange would be negligible as well. For ͑iii͒ air conduction across the gap, the thermal conductivity of air at room temperature is around 0.03 W / m K, yet the thermal conductivity of a 22 nm spot is around 7-8 W/ m K. This means that unless the area of the gap is around 20 times larger than the size of the contact spot, air conduction across the gap is negligible as well. Even though the gap size is larger than that of the contact spot, the gap distance would pose another thermal resistance. Therefore, we can neglect air conduction across the gap as well. In conclusion, we neglect heat conduction through the gaps based on the above arguments.
Even though we have argued that heat transfer through the gap is negligible, we have considered the effect of air gap conduction on the contact resistance to ensure that this assumption is correct. To obtain a more exact solution for this problem, we simulated the thermal conduction of air in the finite-element model by simply assigning the thermal conductivity of air and the contact conductivity to the separated region and the contact region at the interface, respectively. Because the thermal conductivity of air is prescribed to a separate region of the interface, the thermal conduction of air can be calculated without considering the gap distance. Figure 10 shows the TCR with and without considering air gap conduction as compared with that of our half-space contact model. In this figure, the circle, square, and triangle shapes represent the TCR values obtained by using an analytical method and by applying a finite-element model without and with a consideration of the thermal conduction of air, respectively. As shown in Fig. 10 , as the scales decrease, all of the TCRs increase continuously and there is a small discrepancy between the TCR with and without a consideration of the thermal conduction of air. Therefore, we conclude that the TCR increases as scales decrease, even though there is air conduction on a separate region at the interface.
VIII. CONCLUSION
We have presented a model for calculating the TCR with multiscale contact distribution and emphasized the reduction of thermal conductivity due to nanosized contact spots. In particular, when the contact size is smaller than the phonon mean free path, the thermal conductivity varies with the size of the contact and is not the same as its bulk counterpart. It was shown that the TCR increases if the procedure is carried out to an increasing number of finer scales. It is also ascertained that heat transfer through air gaps is negligible. However, if we do not consider the thermal conductivity reduction as the contact size decreases below the size of the phonon mean free, there is a finite limit of TCR if the procedure is carried out to an unlimited number of finer scales. Thus, the convergence behavior of the TCR according to scale variation cannot be obtained, suggesting that there may be another contact deformation mechanism to predict the resistance as a finite limit, such as plastic deformation at the fine scale.
